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Pulsating wave propagation in reactive flows: Flow-distributed oscillations

Mads Kærn and Michael Menzinger
Department of Chemistry, University of Toronto, 80 St. George Street, Toronto, Ontario, Canada M5S 3H6

~Received 22 July 1999; revised manuscript received 16 September 1999!

Stationary waves in a reactive flow with equal transport coefficients were recently generated by passing the
oscillating Belousov-Zhabotinsky reaction medium through a tubular packed bed reactor while keeping the
concentrations constant at the inflow boundary@M. Kærn and M. Menzinger, Phys. Rev. E60, 3471~1999!#.
Here we study the effects of oscillatory boundary conditions, and observe traveling wave fronts that propagate
in either a pulsating or a steady manner. The present experiment is isothermal and conditions are such that all
species have identical transport properties. This excludes rapid thermal or activator diffusion and the wave
pulsation appears to be induced by an essentially kinematic mechanism. Our experimental findings are sup-
ported by numerical simulations of the full reaction-diffusion-advection system using a realistic kinetic model.
Finally, the kinematic essence of the mechanism inducing wave pulsation is captured in an iterative one-
variable map.

PACS number~s!: 05.45.2a, 47.70.2n, 82.20.2w
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I. INTRODUCTION

It was recently predicted@2# that stationary and traveling
waves can form when a chemical reaction, in which all s
cies have equal diffusion coefficients, is subject to a unifo
flow. A simple kinematic model@1# explains these structure
as flow-distributed oscillations which take the form of s
tionary waves when the phase is fixed, and of travel
waves when the phase oscillates at the inflow boundary.
have experimentally verified the formation of stationa
waves@1#. The previous and present experiments involve
tubular packed bed reactor that is fed by the outflow o
continuously stirred tank reactor~CSTR!. We refer to the
tubular reactor as the flow domain~FD! and to the CSTR,
which sets the boundary condition of the FD, as the fl
domain boundary~FDB!. When a volume element leaves th
FDB and moves into the FD, the kinetic conditions ess
tially change to those of a batch reactor. In our earlier
periment@1#, the FDB was in a stationary state while the F
oscillated autonomously. This was achieved by maintain
the inverse residence timek0 in the CSTR above a critica
valuek0

c below which the CSTR oscillated, as described b
bifurcation diagram in Ref.@1#.

Here we study the traveling waves that arise when
boundary condition at the FDB oscillates at subcriticalk0

,k0
c . At k0 well below k0

c we observe waves that trave
upstream with an almost constant rate. If, however,k0 lies
close to the critical value, the wavefronts propagate with
oscillatory velocity. To the best of our knowledge, this is t
first observation of pulsating waves in an isotherm
reaction-advection system. Oscillatory waves are well es
lished in combustion@3# and in self-propagating, exotherm
polymerization fronts@4#. In these systems, the oscillato
wave velocity arises from preheating of reagents ahead o
wavefront due to the high diffusivity of heat generat
within the reaction zone. Due to the interplay of diffusio
and reaction they are dynamic in origin. Oscillatory wa
propagation has also been predicted theoretically in an
thermal autocatalytic chemical reaction@5,6# where the pul-
sating mode arises due to differential diffusivities and h
PRE 611063-651X/2000/61~4!/3334~5!/$15.00
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reaction orders. Its mechanism is essentially the same a
combustion.

In the present isothermal experiment all species have
same transport properties due to turbulent flow in the pac
bed@7#. Symmetry breaking induced by differential transpo
@8,9# and combustionlike mechanisms@4,6# can therefore be
excluded. Our experimental results are confirmed num
cally using a three-variable kinetic model of the ferroi
catalyzed Belousov-Zhabotinsky~BZ! reaction@10#, both in
the presence and absence of diffusion. We observe tha
wave pulsation is more pronounced in the absence of di
sion, indicating that its origin is kinematic. Finally, we ca
ture the kinematic essence of the mechanism in a o
variable iterative map model.

II. EXPERIMENT

A 103800 mm2 glass tubular flow reactor was filled wit
1 mm glass beads to create a plug flow profile. The f
volume of the packed bed was 0.21 ml/cm. The flow reac
was fed by the outflow of a 4.5 ml CSTR. Its inverse re
dence timek0, set by a peristaltic pump, served as the cont
parameter. The concentrations in the premixed feed-str
were @ ferroin#57.531024M , @malonic acid]50.4M ,
@bromate#50.2M , and @sulfuric acid]50.15M . The CSTR
was monitored by a Pt electrode connected to a double ju
tion Ag/AgCl electrode, placed in the premixed feed-stre
prior to the CSTR.

The flow tube was mounted vertically on a back-lit mil
glass plate and monitored by a charge coupled device cam
equipped with a 450–550 nm bandpass filter. The cam
output was digitized at a rate of four frames per minute.

III. RESULTS

At k0&531023 s21 the CSTR executed high amplitud
relaxation oscillations. Figures 1 and 2 show the travel
waves observed atk054.031023 s21 and k052.931023

s21, respectively. Each vertical frame is an actual snaps
of the flow reactor taken at 15 s intervals, with the fir
3334 © 2000 The American Physical Society
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PRE 61 3335PULSATING WAVE PROPAGATION IN REACTIVE . . .
snapshot at the left. The FD is fed from the bottom. Da
bands correspond to high ferroin concentrations.

The traveling waves~Figs. 1 and 2! are initiated at the
outflow port of the FD~top! and they propagate upstrea
with an increasing intensity. The waves in Fig. 1 propag
in a pulsating manner and each wave train consists of
types of segment: a phase of slow propagation altern
with a phase of rapid propagation, giving a staircase-sha
curve in space-time. The staircases belonging to differ
wavefronts are nested so that all slow and fast phases a
perfectly along lines of constant space and time. This gi
rise to a double periodicity; a horizontal periodicity along t
time axis and a spatial, vertical periodicity along the leng
of the FD. Finally, the amplitude of the velocity oscillation
observed to increase close to the FDB. Similar experime
which used 3 mm instead of 1 mm beads@1#, under other-
wise identical experimental conditions, also showed puls

FIG. 1. Oscillatory wavefront propagation atk054.031023 s1 .
Dark bands correspond to high ferroin concentrations. The fl
tube ~FD! is fed by an oscillatory CSTR~FDB! located below the
FD. k0 is lower than but close to the critical flow ratek0

c where the
FDB becomes stationary through a Hopf bifurcation.

FIG. 2. Smooth wavefront propagation atk052.931023 s21

~see Fig. 1!.
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ing wave propagation but with decreased amplitude~not
shown!.

In contrast to the oscillatory waves in Fig. 1, those in F
2, obtained at the lower value ofk052.931023 s21, travel
with a rather constant rate. The velocity is somewhat gre
at the outflow of the FD~top! and a slight pulsation is dis
cernible near the FDB. In summary, increasingk0 increases
the amplitude of the velocity oscillation~Fig. 1! and de-
creases the average rate of~backward! propagation.

IV. SIMULATIONS

We use the following three-variable model of the ferroi
catalyzed BZ reaction@10#:

dX

dt
5k1HAX22k4HX22k5HXY1k7HAY[F~X,Y,Z!,

dY

dt
5

qk8BZ

H~C2Z!
2k7HAY2k5HXY1k9B[G~X,Y,Z!,

~1!

dZ

dt
52k1HAX2

k8BZ

H~C2Z!
[H~X,Y,Z!,

where the variable concentrations areX5@HBrO2#, Y
5@Br2#, Z5@Fe(phen)3

31# and constant concentration a
A5@bromate#, B5@malonic acid#, C5@ ferroin1ferriin#,
H5@H1#. To model the BZ reaction in the well-stirre
CSTR, the chemical kinetics is augmented by flow terms

dX

dt
5F~X!2k0~X2X0!, ~2!

where k0 is the inverse residence time andX0
5$X0 ,Y0 ,Z0% are the feed-stream concentrations. T
CSTR forms the upstream boundary (x50) of the FD. In the
FD, the model must be augmented with transport terms
the dynamics is then given by

dX

dt
5F~X!1D

]2X

]x2
2v

]X

]x
, ~3!

whereD and v are the diffusion coefficient and the linea
flow rate, respectively. Note that all species have ident
transport coefficients. In the general caseD.0 we use Eq.
~3! in a finite-difference scheme with zero-flux bounda
conditions and CSTR concentrations@determined from Eq.
~2!# at the upstream FDB. In the special case ofD50 the FD
is regarded as a string of independent subvolumes, each
having like a batch reactor@Eq. ~1!# that moves downstream
at velocityv. In this case the concentrations of a subvolum
that enters the FD are obtained from Eq.~2!. The rate con-
stants used@10# were k15100M 21, k451.73104M 21 s22,
k55107M 22 s21, k7515.0M 22 s21, k852.031025M s21,
k951026 s21, andq50.5.

At the beginning of a simulation the concentrations we
the same at the FDB and throughout the FD. These unifo
initial conditions give rise to a spatially uniform oscillatio
in the FD~vertical lines in Fig. 3!. In the special but artificial
case where the CSTR behaves like a batch reactor (k050) it
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can be shown that the uniform oscillation persists even in
presence of a flow. However, whenk0.0 the phase-plane
portrait and the period (T8) of the CSTR oscillation are dif-
ferent from that of the batch reactor~T! and the out-of-phase
oscillation at the FDB breaks the spatial uniformity with
the FD~see Fig. 4 and discussion below!. Figure 3~a! shows
traveling waves emerging whenk050.05 s21 and diffusion
is neglected. While the envelope of the wave travels
stream, the wavefront propagation is significantly differe
from that observed experimentally~Figs. 1 and 2!. Instead of
being initiated at the outflow port~top! the waves are peri
odically emitted from, ‘‘organizing centers’’ located at fixe
spatial locations separated by the distancel5vT. Pairs of
waves, one traveling rapidly downstream and the other tr

FIG. 3. Numerical simulations in one spatial dimension~verti-
cal!. Parameters usedA50.2M , B50.4M , H50.15M , C
57.531024M , X05Z050M , Y056.031025M . The inverse resi-
dence time in the CSTR wask050.05 s21 in ~a!, ~b! and k0

50.025 s21 in ~c!. The three systems have widths of 150~dimen-
sional! space unitsDx ~arbitrary length! and were integrated for a
total of 400 s~horizontal!. In ~a! and~b! the linear flow rates were
v5Dx/s to achieve identical resolutions in space and time whe
the linear flow rate in~c! was halved. Panel~a! is obtained in the
absence of diffusion whileD5Dx2/s in ~b! and ~c!.

FIG. 4. Phase portraits of theT;28 s batch mode andT8;37 s
CSTR limit cycles. Circles indicate progression at equal time in
vals.
e

-
t

v-

eling slowly upstream, are emitted from these centers wit
period coinciding with that at the FDB.

Figure 3~b! shows the traveling wave that is formed at t
same residence time as in Fig. 3~a! but in the presence o
diffusion. In the upper part of the FD, waves are initiated
the outflow port~top! and they propagate upstream with a
oscillatory velocity whose amplitude increases as the wa
front approaches the FDB, as observed experimentally~Fig.
1!. However, close to the FDB waves are emitted perio
cally from organizing centers as observed in Fig. 3~a!. As
one would expect, diffusion homogenizes the local osci
tors and makes the wavefronts propagate more smoothly
ther from the FDB. Finally, in the simulation presented
Fig. 3~c!, k0 is halved. As a result, the wave propagat
upstream with a constant velocity far from the FDB wh
close to the FDB the wave velocity oscillates slightly,
good agreement with the experiments~Fig. 2!. Note that the
average wave velocity in Fig. 3~c! is greater than that at th
higher throughput in Fig. 3~b!, in agreement with the experi
mental observations in Figs. 1 and 2.

V. MECHANISM OF WAVE PULSATION

As mentioned above, the cause of traveling FDO wave
the difference in oscillation periods at the FDB and in t
FD. Since these waves are essentially kinematic and di
sion appears not to play a key role, only the caseD50 will
be discussed further. The local velocityn of a phase wave is
given by

n52S ]f

]t D
x
S ]x

]f D
t

,

where (]f/]t)x is the rate of change of the phase at locati
x and (]f/]x) t is the phase gradient at timet. The observed
wave pulsation arises from a nonuniform variation of the
two factors in space and time. We will show that the forci
of the FD by the FDB oscillator accounts for the nonunifor
segmented time and space dependence of the phase
velocity along the FD.

When a volume element leaves the FDB and enters
FD it crosses the boundary between the two distinct kine
domains: one withk0.0 ~the CSTR! and the other withk0
50 ~batch reactor in the flow tube!. Figure 4 shows the
calculated phase portraits of cycles at the FDB and in a v
ume element moving through the FD. The progress
through one cycle is indicated by marks every 2 s. Wh
both cycles slow down at low ferriin and bromide concent
tions, the slowing down of the FDB~CSTR! oscillation is
particularly pronounced. We note that while the two lim
cycles coincide fork050, the differences of phase plan
portraits and oscillation periods between FDB and FD
come more pronounced for higher values ofk0 .

To capture the kinematic essence of the different lim
cycles at the FDB and in the FD we introduce a one-varia
iterative map of sawtooth oscillations in one spatial dime
sion. The spatial dimension is divided into grid pointsi
50,1, . . . with the FDB located ati 50 and the FD span-
ning all i .0. The value of the phase variableyi(t) at loca-
tion i .0 and time stept is given by

as

-
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yi~ t !5H yi 21~ t21!1a if 0<„yi 21~ t21!1a…,b

0 otherwise,
~4!

wherea andb are kinetic constants. The value ofy at i 50 is
also given by Eq. 4 but with a different set of kinetic co
stantsa8 and b8 and without the spatial component. Th
corresponds exactly to the situation in Fig. 3~a! where the
two oscillations had different values of the kinetic consta
k0: Eq. ~2! with k0.0 at the FDB andk050 in the FD. With
the above construction, the autonomous oscillator ati 50 has
period T85b8/a8 while a different oscillator with periodT
5b/a is transported through the FD at a velocity of one g
point per time step. The attractors at the FDB and in the
are the lines extending fromy50 to y5b8 and y5b, re-
spectively. Although the above map appears to be relativ
simple, its coupling to the forcing oscillator ati 50 may
cause the spatiotemporal behavior within the FD to beco
rather complex.

Figure 5 shows the space-time plots for fixed kinetic co
stants in the FD (a50.01, b50.5, T550) and for three sets
of kinetic constanta8,b8 at the FDB. As in Fig. 3 the FD is
initially homogeneous and a spatially uniform oscillatio
with periodT550 is observed. The spatial symmetry may
broken as the map is iterated, provided that the FDB and
FD oscillators have different periods and/or attractors.
Fig. 5~a! the FDB oscillator has kinetic constantsa8
50.005, b850.5 and the two attractors coincide (b85b),
but oscillate with different periods (T85100, T550). As
shown in Table I the local change in phase is (]f/]t)x
5a8 while the phase gradient is eventually constant throu
out the FD and is given by (]f/]x) t5a2a8. Hence the

FIG. 5. Spatiotemporal behavior generated when a sawtooth
cillation is carried through the FD at a constant rate and is peri
cally forced at the boundary. The kinetic constantsa,b are fixed in
the FD, while kinetic constantsa8,b8 at the FDB are different in
~a!, ~b!, ~c! ~see text!. ~a! identical attractors (b5b8) and different
periods (T852T) give waves traveling steadily upstream. Differe
attractors (bÞb8) and periods (T8ÞT) give a segmented wav
velocity: ~b! downstream and stationary wavefronts are emit
from organizing centers@cf. Fig. 3~a!#, ~c! upstream traveling and
stationary waves are emitted@cf. Figs. 1 and 3~b!#.
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phase wave travels upstream with the constant velocityn5
2a8/(a2a8)521.

When the attractors in the two domains do not coinc
(bÞb8), a nonuniform phase gradient is formed along t
FD as follows. In the case whereb8.b, any value ofyo at
the FDB greater thanb at time t21 causesy1 to be set to
zero at i 51 in the following time step, i.e.,y1(t)50 if
y0(t21).b. Hence,y150 during n5T8(b82b) succes-
sive time steps. This is illustrated in Table II which is
continuation of Table I fort.5. It is assumed thatb56a8
such thaty1(t.6)50, y2(t.7)5a, etc. The resetting of
y1(t) introduces a new temporal and spatial periodicity
the FD:n subsequent grid points havey values separated b
increments ofa andyi .0(t) remains constant duringn suc-
cessive time steps. The remainingm5T82n grid points
havey values separated by increments ofa2a8. The phase
gradient is therefore segmented into alternating regions
length n and m where the phase gradient isa and a2a8,
respectively. As a result, the velocity of the phase wa
changes in a discontinuous fashion: Duringm time steps the
wavefront propagates with a finite velocityn52a8/(a
2a8), since (]f/]t)x5a8 and (]f/]x) t5a2a8. During
the following n time steps the velocity isn50 since the
phase remains constant and (]f/]t)x50.

Figures 5~b! and 5~c! show the space-time plots fora8
50.015, b851.0, and a850.0075, b851.0, respectively.
Figure 5~b! reproduces the qualitative behavior seen in F
3~a!, in particular, pairs of traveling waves are emitted pe
odically from organizing centers, one moving downstrea
(a8.a, n53! and the other stationary. The temporal osc

s-
i-

d

TABLE I. Phase values@yi(t) values# at the FDB (i 50) and in
the FD (i .0) during five iterations of Eq.~4! wheny0(0)50 and
y0(t),b8, yi(t),b. The phase gradient equalsa2a8.

i 55 5a
i 54 4a 4a1a8
i 53 3a 3a1a8 3a12a8
i 52 2a 2a1a8 2a12a8 2a13a8
i 51 a a1a8 a12a8 a13a8 a14a8
i 50 0 a8 2a8 3a8 4a8 5a8

t50 t51 t52 t53 t54 t55

TABLE II. Continuation of Table I for 5,t,12. It is assumed
that b56a8 such thaty1(t.6)50. The pointy1(t57)50 corre-
sponds to the cusp-shaped organizing center in Fig. 5~c!, emitting
an upstream traveling and a stationary wave. Att56 the phase
gradient equalsa2a8 while at t511 it equalsa. For b8.b the FD
is segmented into alternating regions of lengthn5(b82b)/a8 and
m5T82n where the phase gradient isa anda2a8, respectively.

i 55 5a1a8 5a12a8 5a13a8 5a14a8 5a15a8 4a
i 54 4a12a8 4a13a8 4a14a8 4a15a8 3a 3a
i 53 3a13a8 3a14a8 3a15a8 2a 2a 2a
i 52 2a14a8 2a15a8 a a a a
i 51 a15a8 0 0 0 0 0
i 50 6a8 7a8 8a8 9a8 10a8 11a8

t56 t57 t58 t59 t510 t511
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3338 PRE 61MADS KÆRN AND MICHAEL MENZINGER
lation at a fixed point in the FD is segmented into tw
phases, one with constant phase the other with (]f/]x) t
5a2a8 , each occupying half of the FDB periodT8 in
agreement withb852b. While the temporal periodicity of
the organizing centers isT8, the spatial distance betwee
organizing centers coincides with the periodicity of the F
oscillation which was also observed in Fig. 3~a!. Finally, Fig.
5~c! reproduces the qualitative features of the pulsating w
propagation observed experimentally. In this case the wa
front is initiated at the exit boundary of the flow domain a
propagates with an segmented velocity as in Fig. 5~b!. How-
ever, sincea8,a the direction of the traveling phase wave
upstream~n523! in qualitative agreement with Fig. 1.

VI. DISCUSSION

We report here an experimental observation of wavefro
propagating with an oscillatory velocity in an isotherm
chemical reaction-diffusion-advection system. The con
tions are such that the oscillatory velocity cannot be
plained by rapid thermal or activator diffusion@3–6#. The
pulsating wavefronts are the result of a purely kinema
mechanism based on differences between the limit cycle
tractors in the flow tube~the FD! and at the inflow boundary
~the FDB!. In the present experiment, this difference is p
marily a pronounced slowing down of a certain phase of
FDB oscillation. Volume elements entering the flow tu
during the slow phase of the FDB have almost identi
phase values. This causes the phase gradient across the
tube to become nonuniform and segmented into alterna
regions corresponding, roughly, to volume elements that
tered during the slow phase and those that did not. T
.
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c.
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segmented phase gradient causes the phase wave to p
gate with an oscillating velocity.

We have captured the essential kinematics of pulsa
and smoothly traveling FDO waves using a one-variable
erative map model in one spatial dimension. In this mod
smoothly traveling waves emerge@Fig. 5~a!# when the attrac-
tors coincide (b5b8) but have different periods (T8ÞT),
while pulsating waves are formed whenT8ÞT and b8Þb
@Figs. 5~b! and 5~c!#. While the latter corresponds to ou
experimental condition~Fig. 4! an oscillatory wave velocity
is expected more generally whenever a nonlinear phase
dient is established. This may occur even when the attrac
coincide if one is subject to local slowing down as oppos
to the global slowing down used in Fig. 5~a!. A constant
wave velocity is therefore expected to occur only if the pha
value of the forcing oscillator at the FDB is linearly mapp
into a phase gradient in the FD, while oscillating wa
propagation is expected if this mapping is nonlinear. T
amplitude of the oscillation increases as the mapping
comes more nonlinear. Indeed the experimentally obser
pulsation is more pronounced at higher values ofk0 ~Figs. 1
and 2!. On the other hand, diffusion tends to diminish t
phase gradient and experiments with larger glass beads@1#
and an increased turbulent diffusion coefficient show a
creased amplitude of velocity oscillations.
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